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Abstract
In reform mathematics the constructions of students play an important role, in contrast
with the traditional view in which teaching mathematics was seen as a process of
teaching mathematics according to a pre-designed hierarchy.
This paper focusses on how problems and tools are used both to support a reinvention
process by the students, and to ensure that formal mathematics is firmly rooted in the
students' understanding of everyday-life phenomena. Here the distinction between
model exploration and model building is addressed. Many simulations in this field fo-
cus on the exploration of an expert model, hoping that students discover the correct
meanings while working with the simulation. However, for reinvention it is important
that students are involved in a modeling process from situation specific models to in-
tended models for mathematical reasoning. During such a process it can not be expect-
ed that students invent all the mathematics by themselves. They are supported by
carefully planned tools that fit their prior activities and afford them to make progress.
This will be illustrated by a calculus unit that is based on the modeling of movement.

1 Introduction
For many years, research has pointed out that students who followed calculus and physics

classes have problems with interpreting graphical situations like:

Student reactions on the left picture are:
“After 10 seconds he is on his highest point . . .”
“The falling distance is 50 squares, which is 250 cm2.”
A reaction on the right picture is:
“After 5 seconds a catches up with b”

t (sec)

v (m/sec)

5

a

b
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In calculus and kinematics courses, a lot of attention is paid to how to do the calculations
with, and manipulations of formulas, instead of attention to why they work (Clement 1985,
Dall’Alba e.a. 1993). This may be one of the causes of the above mentioned problems of stu-
dents. A consequence is that education focuses on seemingly straightforward manipulations of
formulas, while the concepts are graphical and not trivial:

I first argue that model building is essential for understanding and does not receive enough
attention in education. Although the importance of modeling activities often is stressed, stu-
dents are hardly involved in the building of the models, their purposes, conventions, represen-
tations and their meanings in terms of situations being represented and problems being solved.

Secondly, for investigating how students can participate in a modeling process where those
models are built, a learning trajectory is presented. The idea is that students get the possibilities
to invent representations and meanings and they are guided by the teacher and by carefully in-
troduced models. This should result in the development of concepts which are rooted in the stu-
dents’ common sense reasonings, and should prevent the before mentioned wrong
interpretations (see also a previous article on this research project by Gravemeijer and Door-
man, 1999). Thirdly, findings are reported from the teaching experiment with which we tried to
find out whether the trajectory had the desired results.

2 Concepts and their representations
The velocity-time graphs in the previous paragraph are descriptions of a situation for (math-

ematical) reasoning. Their appearance and conventions (e.g. time-axis horizontal) are the result
of a long period of scientific research on the calculus of change. During this period other (dis-
crete) models were developed and used for different purposes (e.g. Clagett 1959). The eventual
graphs are models of change for reasonings where graphical properties like area and slope, can
be interpreted within the context of motion. In this context the term 'model' must be understood
in a holistic sense. It is not just the graphical representation, but everything that comes with it
(e.g. activity and purpose) that constitutes the model:

“a model is defined in terms of signifying relations established in activity for some purpose. Further,
models are seen as originating not from situations but from activity in and reasoning about situa-
tions” (Cobb 1999).

For education this means that during the activities of the students the model and the situation
being modelled co-evolve. Modeling in this view is a process of reorganizing both activities and
the situation. The situation becomes to be structured in terms of mathematical concepts and re-
lationships.

Introducing a model to students can be a didactical problem. The model is supposed to struc-
ture a situation, or in other words: specific aspects of the model refer to properties of the situa-
tion for certain purposes. So, for understanding the model, students should already recognize
these properties of the situation. They should have structured the situation beforehand, while
that was the reason for introducing the model. This didactical problem is referred to as a learn-
ing paradox (e.g. Glasersfeld 1998).

Concepts Manipulations

meaning of area, tangent &
locally straight

rules for differentiation
function analysis
finding a primitive function

graphical &
numerical

algebraic
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Graphs organize motion, aspects of graphs refer to aspects of motion and show how they are
related (e.g. time, velocity, distance travelled). So for understanding motion you need graphs,
but on the other hand, for understanding graphs the motion has to be structured in terms of time,
velocity, distance travelled and their relations.

In summary, there are three arguments for another approach to calculus and kinematics.
1. Reflective: research points out that in the current situation students don’t sufficiently

understand position- and velocity graphs (e.g. McDermott e.a. 1987).
2. Historical: you can expect that students have problems with interpreting and working

with these graphs when you look at the long historical development of those models.
3. Educational: to understand the final models, a modeling process where the situation and

the models co-evolve is needed to overcome the learning paradox.
An alternative approach should aim at a process in which the mathematics stays connected

with physical properties of motion like the relation between velocity and distance travelled, and
emerges from the modeling activities of the students. This is also the objective of realistic math-
ematics education, where instructional design is aimed at creating optimal opportunities for the
emergence of formal mathematical knowledge. During this process students can preserve the
connection between the mathematical concepts and what is described by these concepts. The
students' final understanding of the formal mathematics should stay connected with, or as
Freudenthal would say, should be "rooted in", their understanding of these experientially real,
everyday-life phenomena.

Freudenthal advocates that mathematics education should take its point of departure prima-
rily in mathematics as an activity, and not in mathematics as a ready-made system (Freudenthal,
1971, 1973, 1991). For him the core mathematical activity is "mathematizing", which stands for
organizing from a mathematical perspective. Freudenthal sees this activity of the students as a
way to reinvent mathematics.

However, the students are not expected to reinvent everything by themselves. In relation to
this, Freudenthal (1991) speaks of guided reinvention; for him, the emphasis is on the character
of the learning process rather than on the invention as such. The idea is to allow learners to come
to regard the knowledge they acquire as their own private knowledge, knowledge for which they
themselves are responsible.

In a reinvention approach, the problems for the students play a key role. Well-chosen context
problems offer opportunities for the students to develop informal, highly context-specific solu-
tion strategies. These informal solution procedures then may function as foothold inventions for
formalization and generalization, in other words: for progressive mathematizing. The instruc-
tional designer tries to construe a set of problems that can lead to a series of processes that to-
gether result in the reinvention of the intended mathematics. Basically, the guiding question for
the designers is: How could I have invented this?

Constructing a set of problems can have the danger that the guidance becomes too smooth.
Students can tractably follow the questions, but in the end they are not fully aware of the knowl-
edge that they have developed. To be sure that all students know what knowledge the unit is
aiming for. The key issue of the unit must be relevant and clear for the students. Ideally, after
solving a problem, the students pose by themselves the next questions that have to be answered
in accordance with this key issue. Sometimes, such a key issue as leading framework is even
essential for a sensible approach of the problems by the students. As a result, during their
progress, regularly should be reflected upon the key issue which they are working on. Design
heuristics that support such a, so called problem posing approach (Klaassen, 1995), are:
• use explicitly a leading question;
• let students reflect on the progress by explicating what they have learned for explaining and

justifying new knowledge.
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Other sources for the design of a hypothetical scenario are: the history of mathematics as a
source of inspiration and understanding of conceptual problems, informal solution strategies of
students who are solving problems for which they do not know the standard solution procedures
yet, use of models as a bridge for mathematizing, and phenomena that are organized by the
mathematics involved.

These heuristics help to create education where mathematics is experienced by the students
as an extension of their own authentic knowledge, is experienced as real. As a result, the math-
ematical concepts (like rate of change) and their representations will be rooted in their informal
strategies and are developed through the activities of the students (by modeling movement). The
following paragraph outlines the design of an instructional unit for the basic principles of cal-
culus and kinematics.

3 An approach by modeling movement
It was Nicole Oresme who started to draw graphs of situations in order to visualize the

change of velocity (ca 1360). He described how geometrical elements like lines or rectangles
can be used to represent the change of the value of a variable through time. These elements can
be put along a horizontal line that represents time (Clagett 1959). This inspired us to start with
discrete descriptions of movement.

3.1 The unit
A situation in which it makes sense to describe motion seems the weather forecast, especially

the change of position of hurricanes: when will it reach land? This problem is posed as a leading
question throughout the unit as a context for the need of grasping change.

After being introduced to time series, students work with situations that are described with
stroboscopic photographs. The idea is that students come up with measurements of displace-
ments and that it makes sense to display them graphically (based upon Boyd et al. 1996). Two
types of discrete graphs are discussed: graphs of displacements and graphs of total distance trav-
elled. The key issue that should arise in the discussion is how to describe change (of position)
in order to view patterns and to be able to do predictions. During the discussions and their ac-
tivities, students find the relation between constant velocity and a linear distance travelled graph
4



and a first formulation of the middle speed theorem for uniform acceleration (total distance trav-
elled equals the distance travelled with constant velocity at the ‘middle moment’).

The possible inventions of the students and the use of models result in a sequence of repre-
sentations, which is displayed in the next figure.

Note that a key element of the notion of reinvention is that the models first come to the fore
as models of situations that are experientially real for the students. It is in line with this notion
that discrete graphs are not introduced as an arbitrary symbol system, but as models of discrete
approximations of a motion that link up with prior activities or students’ experiences. The point
of departure for the transition of displacements to modeling velocity, is in the medieval notion
of instantaneous speed, which is introduced in the context of a narrative about Galileo's work
(this educational implementation is based on Polya 1963, Kindt 1996). Instantaneous velocity
becomes defined in accordance with this medieval notion, in terms of the distance covered if
the moving object maintains its instantaneous velocity for a given period of time. In this context,
the problem is posed of how to verify Galileo’s hypothesis on free fall: velocity increases con-
stantly, and is proportional to time. Students come up with the idea of symbolizing instanta-
neous velocities with discrete bars representing increasing displacements. If not, this option
may be presented to them, after they have been struggling with the problem for a while.

Next, the topic of investigation will be the relation between the "area of the graph", and the
total distance covered over a longer period of time. Figuring this out demands of the students
that they come to grips with the relationship between the motion, the representation, and the ap-
proximation. The whole process, in which the way of modeling motion, and the conceptualiza-
tion of the motion that is being modeled, co-evolve, can be seen as a form of guided reinvention
that can be contrasted with learning some rule which correctly, but magically equates area with
distance.

After this introduction to continuous models and graphs, students work on problems that deal
with differential calculus. That is, they have to determine velocities from distance-time graphs.
In subsequent activities, the graphical model begins to function as a model for reasoning about
integrating and differentiating arbitrary functions on the one hand, and of standard algebraic
functions on the other hand. At the same time, a shift is made from problems cast in terms of
everyday-life contexts to a focus on the mathematical and physical concepts and relations. To
make such a shift possible for the students, they have to develop a mathematical framework of
reference that enables them to look at these types of problems mathematically (see also Simon
1995). It is exactly the emergence of such a framework that this sequence tries to foster.

s

t

s

t

displacement

trace graphs

distance-travelled

graphs

graphs
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3.2 A hypothetical learning trajectory
In the above sketched learning trajectory students are expected to derive meanings of and de-

velop representations in modeling activities. Together with the instructional materials we devel-
oped a scenario for the teaching experiment. Such a scenario is similar to what sometimes is
called a didactical structure or a hypothetical learning trajectory (Simon 1995, Klaassen 1995).
This scenario describes the learning materials, and what students are expected to find out, how
they are involved, why and how they will pose further questions that should be solved with re-
spect to the key issue, how they can anticipate on what is to come, and how they can relapse into
prior strategies with prior (certainly meaningful) representations? The hypothetical develop-
ment of representations, their meanings and the concepts can be summarized in a table with the
tools used by the students, their images of the representation(s), the activity in which the tool is
used, and the concepts that are developed (Gravemeijer et al. 2000). Below you see the first part
of this table:

As an aside, it may be noted that there will always be a tension between a bottom-up ap-
proach that capitalizes on the inventions of the students and the need, (a) to reach certain given
educational goals, and (b) to plan instructional activities in advance. As a consequence, a top-
down element is inevitable in instruction. The key consideration for us, however, is that the stu-
dents experience these top-down elements as bottom-up: as solutions they could have invented
for themselves. For the instructional designer, this boils down to striving to keep the gap be-
tween "where the students are" and what is being introduced as small as possible. Student’s rea-
sonings and inventions are point of departure, top-down introduced models should fit their

tool imagery activity concepts

satellite photo’s
& stroboscopic
photo’s

Real world repre-
sentations signify
real world situa-
tions.

predicting weather displacements in equal
time intervals as an aid for
grasping (describing and
predicting) change

trace graph of
movement

signify displace-
ments in equal
time intervals

compare, look for
patterns and do
predictions about a
falling ball

displacements as a mea-
sure of velocity, of chang-
ing positions, but difficult
to extrapolate

Flash: signifies a series
of successive dis-
placements in
equal time-inter-
vals

compare patterns
and use the graphs
for reasoning and
do predictions
about movements

constant velocity & con-
stant displacements & lin-
ear (discrete) graph of
distances travelled
regular increasing dis-
placements: distance trav-
elled equals the sum of
constant-middle/mean-dis-
placements
Precise predictions of
instantaneous velocity
can’t be made with dis-
crete information

distance travelled
t

t

displacements
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idea’s and learning history, and should enable them to proceed in a desired direction. Further-
more, the teachers should be able to reduce the gap in interaction with their students.

4 Modeling and tool use
In modeling activities there are a few prior conditions for further progress. I stressed that the

problem situation should be experienced as real and relevant (e.g. with respect to a key issue),
students should recognize the affordances of their tools (e.g. a drawer or a computer program),
and they should have construction space to experience freedom and responsibility for own ap-
proaches (not trying to guess the intended answer). In this paragraph I focus on how to guide
the students with computer tools in modeling activities. For the role of a computer tool in a mod-
eling process two different situations are distinguished. Doerr denominates the first role explor-
ative modeling and the second expressive modeling (Doerr 1997). Explorative modeling can be
associated with the discoveries of the students while exploring representations. On the other
hand, expressive modeling stresses the importance of the expressions and the development of
representations. This second view can be associated with guided reinvention:
1. In an explorative modeling approach a situation is modelled with representations in the

tool. The tool supports students to explore the situation and to discover the meanings of
the representations and their relations (discovery learning).

2. In an expressive modeling approach the representations in the tool fit the learning history
of the students. The tool supports students to express ideas about the meanings of the rep-
resentations and their relations with respect to situations being modelled (guided reinven-
tion).

From the previous paragraphs it may be concluded that the above sketched hypothetical
learning trajectory is trying to fit the second, expressive way of tool use. These two approaches
are mentioned because recent research on calculus often stresses the importance of computer
tools, which in our opinion are based on the idea of discovery learning. To be explicit about the
differences between the two possible approaches, firstly a calculus approach based on the idea
of discovery learning with computer tools is discussed. Secondly, the aspects of tool use in guid-
ed reinvention are elaborated, and a research on the hypothetical role of a computer tool is pre-
sented.

4.1 Discover representations
Kaput argues that students nowadays can have access to calculus thanks to technological

possibilities like realistic simulations (Kaput 1994). He emphasizes the relationship between
mathematical symbol systems like graphs and everyday reality. The problem, in his view, is
the gap between the island of formal mathematics and the mainland of authentic experience.

To attack the island problem, Kaput
seeks situations where the students can
maximally exploit their own authentic ex-
perience to investigate, and to come to
grips with these formal representations. He
tries to create such a situation with software
he is developing in the Simcalc project
(www.simcalc.com). The power of the de-
vice is in the internal linkage between the
various display systems. In this way, the
everyday experience of motion can be
linked to the formal graph representations.
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This linkage then offers the students the opportunity to test the conjectures they develop about
the graphic representations.

A similar idea can be found in the Trips software. For using this software a same kind of dis-
covery is expected (http://standards.nctm.org/document/eexamples/chap5/5.2/index.htm):

“By inspecting the track, the graph, and
the table, students can become more pre-
cise in reasoning quantitatively about the
relationships ("The length of the boy’s
stride is 2, so you know his distance by
multiplying the time by 2"). (...) Students
can begin to describe rate of change in-
formally by inspecting the slope of the
line.”

On the same internet site the ease of us-
ing this software is stressed:

“This computer simulation uses a familiar
context that students understand from
daily life, and the technology allows them
to analyze the relationships in this context
deeply because of the ease of manipulating the environment and observing the changes that oc-
cur.”

However, the problem might not be the ease of manipulating the software, but the ease of
interpreting graphical relationships. The question is whether students understand these relation-
ships. It might be the case that connecting graphical properties as slope to what is happening in
the movie-like animations, may not be based on understanding and lead to reasonings like the
ones about the velocity graphs in the beginning of this paper.

Of course it is not only one tool on which instruction is based. Nemirovsky and others discuss
the importance of more environments, which have to become lived-in spaces for the students
(Noble, Nemirovsky e.a. 2001). They investigate the influence of the work with the mathemat-
ical tools in the different environments on the students’ understandings of the mathematics of
change. In an instructional unit the Trips software was one of these environments. Within each
environment the students develop mathematical reasonings, but it is not clear to what extent the
students understand why and how these reasonings are related. It seems that in the opinion of
the researchers this is a follow up of the students’ work in the different environments:

“Of course it is sometimes important for a teacher and her or his students to step back from a di-
verse set of activities and ask what they have in common and to reflect on the general mathemat-
ical principles that describe the activities. However, we argue that these general principles become
meaningful and relevant only to the extent that they are rooted in an ongoing background of expe-
riences.” (Noble, Nemirovsky e.a. 2001)

The problem with these approaches can be that students miss the process of evolving to con-
sensus from common sense reasoning (Gilbert, 1998). It is questionable whether students will
give the correct meanings and make correct relations. The computer tools take a ready-made
symbol system as point of departure, which is consistent with an expert concept of a mathemat-
ical system that can be distinct from everyday-life experiences.

We argue that, if it would be possible to have the students invent distance-time and speed-
time graphs by themselves, the dichotomy between formal mathematics and authentic experi-
ence would not arise. For the mathematical ways of symbolizing would emerge in a natural way
in the students' activities, and the accompanying formal mathematics would be experienced as
an extension of their own authentic experience.
8



4.2 Expressive modeling for guided reinvention
Next to the explorative approach we describe the idea of the use of computer tools as an aid

for modeling by students. The focus is on creating for them the opportunity to let formal math-
ematics emerge instead of trying to bridge a gap. Students express ideas and built representa-
tions from situation-specific to formal representations. Consequently, questions for this
approach are: What is the target? Which representations are close to everyday-life situations or
prior experiences and could be invented by students? What is a possible learning route for the
students? How to ‘guide’ the students with the tools and the models?

This implies that for instructional design the focus should be on how students might reason
as they participate in an evolving sequence of (classroom) mathematical practices (Cobb, 1999).
As an example we focus on one of the tools in the described unit. After working with the hurri-
canes and stroboscopic photographs two types of graphs may emerge: discrete graphs of dis-
placements and discrete graphs of distances travelled against time. Students have experienced
that this graphing can be a time-consuming activity. At that moment the use of the computer
tool comes in. The idea is that with the tool they have the opportunity to change their reasonings
from situation specific, descriptive reasonings to reasonings about graphs and their relations.
The use of the tool in the activities affords them to invent properties like middle speed and lin-
earity of a distance travelled graph for motion with constant displacements, constant velocity.
Below is a picture of the computer screen of the tool Flash (http://ww.fi.uu.nl/wisweb). A stro-
boscopic photograph of a stick that is thrown and rotated through the air is displayed on the left.
On the photograph, successive positions of the middle and of one of the endpoints of the stick
are located (by clicking). On the right is a table with values of displacements and below the pho-
tograph a graph with the displacements. Students do the clicking and select one of the two pos-
sible graphs (displacements or distances travelled) for their reasonings within the problem
situation.

We pointed at the reflexive relation between a model and how you use it. While reasoning
about movement with Flash, the use and interpretation of the graphical model changes during
the activities. This change concurs with a shift in the way the students think about the model,
from a model deriving its meaning from the modeled context situation to thinking about math-
ematical relations. First, graphs are used to describe the situations, while in the latter phase, the
use of the graphs is dominated by thinking about graphical and conceptual relations between
displacements and distance travelled.
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It should be noted that it is not just the graphical representation, but everything that comes
with it that constitutes the model. Furthermore, the same model may encompass a cascade of
inscriptions (Gravemeijer et al. 2000, Roth 1998); from displacements graph to velocity graph.
The model emerges from the activity of the students. In addition, the mathematics that one is
aiming for emerges in the subsequent process.

The above sketched contrast between an explorative and an expressive approach is not com-
pletely fair, because an important issue is to what extent the tool and its representations fit the
learning history of the students. The difference between the dis-covery of meanings or the in-
vention of meanings is strongly related to the perceptions of the students. However, in the ref-
erences on the explorative approaches not much information is given about to what extent
students could have invented the representations by themselves. It are exactly those inventions
that are in the heart of the guided reinvention approach.

5 Developmental research
In teaching experiments we hope to get answers on the hypotheses underlying the before

sketched scenario. Therefore the scenario is implemented in an instructional unit for 9 lessons.
In two schools the unit is tested with classes of students of 16 years old (grade 4 at secondary
education). The experiment involves a cyclic process of thought experiments (discussed with
the teacher) and educational experiments. The experience acquired by participatory observa-
tions, video, and audio taping the lessons, can immediately be used to adjust the unit or to de-
velop new materials. This method of developmental research is a way to an empirically based
didactical structure of the principles of calculus and kinematics (Gravemeijer 1994, Lijnse
1995).

We selected two transcripts of students who work with the computer tool Flash to illustrate
the kind of reasonings by the students in which the use and interpretation of models changes.
This change is also found in the classroom discussions before and after working with the com-
puter tool. The students work on problems about the photograph of the stick. The question is
whether the middle point of the stick travels a longer distance than an endpoint of the stick.
While working on this question their reasonings about the situation change from describing the
situation with the graphs to properties of the graphs.

Transcript 1
Two students (J&M) work on the exercise about the rotating stick with Flash. The observer

(O) asks questions.

1. J: That’s right, then, hey. What does it mean then, that the red is wavy?
2. O: That’s the distance between the dots.
3. M: That sometimes the ends go faster and sometimes slower.
4. O: Yes. (turns to J) Do you see that too?
5. J: Yes.
6. O: Yes, that’s what you really see in the photo, that - at least can you see that in the photo

that the end sometimes goes faster? (-) How can you see that in the photo?
7. M: Then there’s less space between two sticks. I mean, between two photos.
8. O: If it goes faster?
9. M: If it goes slower. (J confirms this)
10. O: (...) can you tell, from this table, whether the center moves further than the end in

total?
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11. M: No, the red does. [the end points]
12. O: What makes you think that?
13. M: Why do you think that? Well, go down a time - [J goes to the graph with displace-

ments under the photo with the mouse]. The red trajectory that’s more if you add it all up
than the blue one. [She changes the graph to the graph of the total distance travelled]

14. J: It doesn’t get any higher.... [he points to the blue one]
15. M: The red one has traveled further. [O and J confirm this]
16. O: So your estimate was correct. Do you understand what’s happened now?
17. J: Yes, yes. It’s added all these things together.
18. O: What you just saw was that the red waved around the blue and that the blue was fairly

constant. How can you see that the blue, for example, is fairly constant here?

19. J: Because if you drew a line it would be straight. (M makes a straight line on the screen)
This last remark of J is precisely what we hoped for. In the continuous situation it is not easy

to explain why a constant velocity results in a linear distance travelled graph. Traditionally,
when the basic consideration is how to do the calculations, this property is proven by giving the
graph and some calculations to confirm the ‘fact’. In the discrete case students can find the prop-
erty by themselves. The interpretations of the representations are rooted in the marked displace-
ments in the photograph. This observation gives students possibilities to explain the continuous
alternative by progressive mathematizing later in the unit.

During following problems students increasingly use the change of the displacements in the
graph to describe motions and to do predictions. By using Flash their attention during the activ-
ities is focussed on properties of graphs. Sometimes they still refer to distances between the dots
in the photograph, but more and more they reason with the global shapes and properties of
graphs. In the following protocol this reasoning with the graphs, again, is forced by the observ-
er. But from the answers it is clear that the students interpret the graphs correctly. The students
work on an exercise about a zebra which is running at constant speed and a cheetah that starts
hunting the zebra. The following discussion takes place.

Transcript 2
1. O: Oh yes, that was the question about whether if he started later, whether he would still -
2. M: Yes, the cheetah would still catch up.
3. O: Really? How did you conclude that?
4. M: Uhhm, then you put two here together and then you can see here that they’re both

equal.
5. O: Yes. And which of the two graphs is that?
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6. J+M: That’s the total distance covered [they point at the left graph below].

7. O: Oh yes. So why did you choose the one for the total distance?
8. J: Because it’s the total distance that they cover and then you can-
9. M: Then you can see if they catch up with each other.
10. O: And can’t you see that in the other? There you can also see that the red catches up with

blue?
11. J: Yes, but -
12. M: Yes, but that’s at one moment. That only means that it’s going faster at that moment

but not that it’ll catch up with the zebra.
An important difference between the displacements graph and the distance travelled graph is

the difference between the interpretation of the horizontal (time) axis. A value in the distance
travelled graph represents a distance from the start until the corresponding time, while a value
in the displacements graph represents a distance in the corresponding time interval. The obser-
vation of the student is an important step in the process of building the model of a velocity-time
graph (and everything that comes with it). This should prevent a wrong interpretation of veloc-
ity graphs as shown in the beginning of this paper, where the intersection of two velocity graphs
must be interpreted in terms of velocities at one moment.

These two protocols illustrate progress by two students while working with Flash. At the mo-
ment we have not enough data to be convinced that they surpass incidents. In the near future the
experiment will be (revised and) repeated and the data collection will focus on the reasonings
by all students when they work with Flash.

6 Discussion
Looking at the history of calculus from a modeling perspective we see a development of cal-

culus that starts with modeling problems about velocity and distance. Initially these problems
are tackled with discrete approximations, inscribed by discrete graphs. Later, similar graphs −
initially discrete and later continuous − form the basis for more formal calculus. From a model-
ing perspective, we could say that graphs of discrete functions come to the fore as models of
situations, in which velocity and distance vary, while these graphs later develop into models for
formal mathematical reasoning about calculus.

Research on the design of primary school RME sequences has shown that the concept of
emergent models can function as a powerful design heuristic (Gravemeijer, 1998). Here, the
point of departure is in situation-specific solution methods, which are then modeled to the in-
tended mathematics. In this sense, the models emerge from the activity of the students. Even if
the models are not actually invented by the students, great care is taken to approximate student
invention as closely as possible by choosing models that link up with the learning history of the
students. The representations in Flash approximated graphs that students invented in previous

distance travelled

displacements
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problems, and guided them in their reasoning about movement to concepts in calculus and ki-
nematics. In addition, a criterion is in the potential of the models to support mathematizing. The
idea is to look for models that can be generalized and formalized to develop into entities of their
own, which as such can become models for mathematical reasoning.

This development also exemplifies what is meant by realistic mathematics education. As we
indicated earlier, problems are defined as problem situations that are experientially real to the
student. The above example shows that this experiential reality grows with the mathematical de-
velopment of the student. Freudenthal explicates:  "I prefer to apply the term 'reality' to that
which at a certain stage common sense experiences as real" (Freudenthal, 1991, p.17). The over-
all goal of instructional design is to support the gradual emergence of a taken-as-shared mathe-
matical reality. If the students experience the process of reinventing mathematics as expanding
common sense, then they will experience no dichotomy between everyday life experience and
mathematics. Both will be part of the same reality.
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